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We address the emergent quantum critical phenomena for (pseudo)spin-3/2 birefringent fermions,
featuring two effective Fermi velocities, when they reside close to itinerant Mott transitions realized
through spontaneous symmetry breaking and triggered by strong local or Hubbardlike repulsive
interactions. Irrespective of the nature of the mass orderings that produce fully gapped quasiparticle
spectra in the ordered phase, which otherwise can be grouped into three classes, the system always
possesses a unique terminal velocity near the corresponding quantum critical point. The associated
critical regime accommodates a relativistic non-Fermi liquid of strongly coupled collective bosonic
and spin-1/2 Dirac excitations with vanishing weight of the quasiparticle pole. These conclusions are
also operative near superconducting critical points. Therefore, relativistic non-Fermi liquid possibly
constitutes a robust superuniversal description for the entire family of strongly correlated arbitrary
half-integer spin Dirac materials.
Introduction. Notion of universality commonly incurs
in the close proximity to classical and quantum contin-
uous phase transitions, manifesting in power-law scaling
of physical observables that only depends on the sym-
metry and dimensionality of the system [1–3]. A much
richer, but rather sparsely encountered phenomenon is
the superuniversality [4–9], extending the jurisdiction of
a universality class beyond the burden of symmetry. Con-
fluence of these two concepts can be witnessed across the
quantum phase transitions (QPTs) between two topolog-
ically distinct insulators, for example. As such, the uni-
versality class of the QPT between a strong Z2 topolog-
ical and trivial insulators is set by odd number (respec-
tively, one and three in weakly and strongly correlated
Bi2Se3 and SmB6) of four-component massless charged
Dirac fermions. Furthermore, massless Dirac fermions
(charged or neutral) constitute a superuniversal descrip-
tion of QPTs between any two topologically distinct insu-
lators belonging to any ten-fold symmetry class [10–13].
Here we show that when linearly dispersing, strongly
interacting birefringent (pseudo)spin-3/2 fermions reside
at the brink of itinerant Mott insulation through sponta-
neous symmetry breaking, the associated quantum criti-
cal point (QCP) supports a relativistic non-Fermi liquid,
devoid of sharp quasiparticle excitations (due to finite
anomalous dimensions for fermionic and bosonic fields),
of massless (pseudo)spin-1/2 Dirac fermions, coupled
with gapless collective bosonic excitations, see Fig. 1.
These outcomes do not depend on the nature of the mass
orderings (otherwise, producing fully gapped quasipar-
ticle spectra in the ordered phase, thus yielding max-
imal gain of condensation energy at T = 0) and are
expected to hold for any higher half-integer spin Dirac
fermions, displaying multifringence of Fermi velocities.
Hence, generalizing our explicit findings on strongly in-
teracting spin-3/2 Dirac systems, we conjecture that the
spin-1/2 fermion-boson coupled relativistic quantum crit-
ical state possibly constitutes a superuniversal descrip-
tion for the entire family of strongly interacting multifrin-
gent Dirac fermions, which can manifest in the universal
suppression of the optical conductivity [14], for example.
Birefringent Dirac fermions can be realized in a deco-
rated pi-flux square lattice [15–19], see Fig. 2(a). Around
the Dirac point the quasiparticle spectra ±E(k) (+/−
corresponds to the conduction/valence band), display
birefringence with E(k) = v±|k|. Two effective Fermi
velocities are v± = v(1 ± β). Similar model can also be
realized in graphene [20, 21], optical lattices [22, 23] as
well as in three dimensions [24–27]. For the sake of con-
creteness, here we solely focus on the planar systems and
mostly ignore the real spin degrees of freedom.
In the absence of birefringence (β = 0), when the lo-
cal or Hubbardlike interactions among massless Dirac
fermions are sufficiently strong, they become susceptible
(through continuous QPTs) toward the formation of four
masses, grouped into two categories: triplet and singlet,
respectively transforming as a vector and scalar under the
SU(2) chiral rotation [28], see Table I. However, birefrin-
gence (β 6= 0) spoils such an emergent chiral symmetry
and four masses fragment into three classes, depending
on their (anti)commutation relations with the birefrin-
gent component. Nevertheless, we find that the univer-
sality classes of the associated continuous QPTs are al-
ways determined by that for two copies of spin-1/2 Dirac
fermions, and at the QCPs the birefringent velocity dis-
appears (vβ → 0). Consequently, the system possesses a
unique terminal velocity and enjoys an emergent Lorentz
symmetry, see Fig. 3. These results also hold for spinful
fermions, as well as near the superconducting QCPs.
Continuum model. The Hamiltonian describing a col-
lection of noninteracting pseudospin-3/2 fermions in d
spatial dimensions reads H3/2(k) = H
k
1 +H
k
2 , where
Hk1 = vΓj0kj , H
k
2 = vβ Γ0jkj , (1)
at low energies [9]. The momentum k is measured from
the band touching point, Γµν = σµ ⊗ σν , where {σµ}
are the Pauli matrices, with µ, ν = 0, 1, 2, 3, while j =
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2FIG. 1: A schematic representation of an emergent, but robust superuniversality at the brink of Mott insulation among strongly
interacting spin-3/2 birefringent fermions, with the mass ordering belonging to class (a) CI, (b) CII, and (c) CIII, see Table I.
Lattice realizations of mass orders from each of the classes are shown in Fig. 2. Even though the quasiparticle spectra inside
three ordered phases (green region) are distinct, at the Mott-Yukawa critical points (purple dots) and inside the quantum critical
regime (thermal shaded region) the system is described by two copies of massless spin-1/2 Dirac fermions, strongly coupled with
fluctuating bosonic orderparameter excitations (without any long range ordering), generically giving rise to quasiparticleless
relativistic non-Fermi liquid (NFL). The signatures of the NFL, for example in optical conductivity [14], can be observed up
to a nonuniversal lattice scale EΛ (red dashed line). The bosonic mass (m
2
B) is the tuning parameter for the transitions.
1, 2, ..., d. The summation over the repeated indices is
assumed. This Hamiltonian features isotropic (ensured
by the commutation relation [Hk1 , H
k
2 ] = 0) birefringent
spectra of linearly dispersing fermionic excitations, and
β is the birefringence parameter, with |β| < 1.
The birefringent Hamiltonian in Eq. (1) possesses time-
reversal symmetry, represented by an antiunitary oper-
ator T = UTK, with UT = Γ22 as its unitary part,
K is the complex conjugation, and T 2 = +1 (for spin-
less fermions). Specifically in two dimensions and in the
Dirac limit (β = 0), this Hamiltonian also features an
emergent SU(2) chiral symmetry, generated by {Γ0j},
with j = 1, 2, 3, as [Hk1 ,Γ0j ] = 0. It is important to
emphasize that the birefringent Hamiltonian H3/2(k) in
general does not possess the pseudorelativistic or the chi-
ral SU(2) symmetry. It is only time-reversal symmetric.
Masses. Possible fermion masses Ψ†MΨ (with M as
a four-dimensional Hermitian matrix) for birefringent
fermions and the corresponding pattern of the symme-
try breaking (discrete and/or continuous) can be inferred
from Eq. (1). Recall that in the Dirac limit, the system
supports four masses Mµ = {Γ3j ,Γ30}, with j = 1, 2, 3.
As {Hk1 ,Mµ} = 0, the quasiparticle spectra inside any
mass ordered phase are fully and isotropically gapped.
Among them three masses, represented by Γ3j , form a
vector under chiral SU(2) rotations and are time-reversal
symmetric. On the other hand, the Γ30 mass is a chiral
scalar, as [Γ30,Γj0] = 0, and breaks the T symmetry.
However, the birefringent part of the Hamiltonian Hk2
spoils the chiral symmetry and introduces a further frag-
mentation among them, ultimately yielding the following
three symmetry classes for the mass orders, see Table I.
(i) CI: the matrix MCI = Γ33 anticommutes with H
k
2 ,
(ii) CII: the matrices MCII,j = Γ3j , with j = 1, 2,
anticommute/commute with one of the matrices in Hk2 ,
(iii) CIII: the matrix MCIII = Γ30 commutes with H
k
2 .
Even when β 6= 0, the CI and CIII masses produce rota-
tionally symmetric gapped spectra, while such a symme-
try is broken in the presence of the CII mass, see Fig. 1.
Lattice model. Two-dimensional birefringent fermions
can be realized in a decorated pi-flux square lattice with
real nearest-neighbor (NN) hopping amplitudes [15–19],
as shown in Fig. 2(a). The corresponding lattice Hamil-
tonian is H0 =
∑
p Ψ
†
pH0(p)Ψp, where
H0(p) = 2
∑
mn
tm [δmnΓn1 cos(pxa) + mnΓ1n cos(pya)] ,
(2)
the indices m,n = +,−, δmn (mn) is the Kronecker
delta (antisymmetric Levi-Civita symbol, with +− = 1),
t± = t(1 ± β), σ± = (σ0 ± σ3)/2, and p is the lattice
momentum. The components of the spinor annihilation
operator Ψ>p ≡ (Ap, Bp, Cp, Dp) act on the Hilbert space
of the states, localized on the corresponding site of the pi-
flux lattice. Expanding H0(p) about the band touching
point at K = (1, 1) pi2a and performing a unitary rotation
by
U =
1√
2
[
Γ+0 + iΓ−3 +
1
2
(Γ11 + Γ12 + iΓ21 − iΓ22)
]
,
(3)
under which Ψp → U†Ψp, we obtainH3/2(k), see Eq. (1),
with k = K−p and v = ta. Next we discuss lattice real-
izations of various mass orders for birefringent fermions.
A charge-density-wave of quadrupolar arrangement
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FIG. 2: (a) Generalized pi-flux square lattice with real nearest-
neighbor (NN) hopping t± = t(1 ± β) [suppressed in (b),
(c), (d)], supporting linearly dispersing birefringent fermions
around K = (1, 1) pi
2a
, with a as the lattice spacing. The four-
site unit cell is shown by the dashed lines. (b) Quadrupolar
charge-density-wave (class CI), where red (blue) dots repre-
sent enhanced (depleted) average electronic density. (c) Two
patterns (solid and dashed arrows) of translational symme-
try breaking current-density-wave (class CII). The imaginary
hopping between the NN sites is proportional to +i (−i) along
the red (blue) arrows. (d) Quantum anomalous Hall insulator
(class CIII) resulting from imaginary next-NN hopping.
within the four-site unit cell is shown in Fig. 2(b) and rep-
resented by the matrix Γ33 in the announced spinor basis.
This matrix retains its form after the unitary transfor-
mation by U , and fully anticommutes with Hk2 . Hence,
such a charge-density-wave order belongs to class CI for
birefringent spin-3/2 fermions, see Table I.
The order parameters belonging to class CII break the
translational symmetry in a square lattice and repre-
sent current-density-waves. Two possible realizations of
such an order are shown in Fig. 2(c). The corresponding
fermionic bilinears appear with the matrices Γ02 (solid ar-
rows) and Γ23 (dashed arrows) [29]. After the unitary ro-
tation by U they respectively transform intoMCII,j = Γ3j
for j = 1 and 2. They neither fully commute nor fully
anticommute with Hk2 , see Table I.
The order parameter from class CIII fully commutes
with Hk2 and is represented by purely imaginary next-
NN hopping between the pairs of sites A and D, and B
and C of the square lattice, as shown in Fig. 2(d). Such
an ordered phase breaks the time-reversal symmetry and
represents a quantum anomalous Hall insulator [17, 19].
The corresponding matrix Γ12, appearing in the order-
parameter, after the unitary rotation by U , transforms
into MCIII = U
†Γ12U = Γ30, see Table I.
RG analysis. After establishing a one-to-one corre-
Class Mass matrix (M) Chiral SU(2) TRS Γ01 Γ02
CI Γ33 Vector 3 − −
CII
Γ31 Vector 3 + −
Γ32 Vector 3 − +
CIII Γ30 Scalar 7 + +
TABLE I: Order parameters in three classes (first column),
together with their matrix representations (second column).
The third column shows their symmetry transformation under
the SU(2) chiral rotation, generated by {Γ01,Γ02,Γ03}. The
fourth column shows whether the order parameter is time-
reversal symmetric (3) or not (7). The last two columns show
if the order parameter commutes (+) or anticommutes (−)
with the matrices Γ01 and Γ02, appearing in the birefringent
part of the noninteracting Hamiltonian Hk2 , see Eq. (1).
spondence between the continuum description of spin-
3/2 birefringent fermions and their lattice realization,
we perform a renormalization group (RG) analysis of
the quantum-critical theory near the above three classes
of mass orderings. To show the robustness of the
emergent superuniversality, we mainly focus on the
RG flow equations for the velocities of birefringent
fermions and bosonic order parameter fluctuations (vB)
in the quantum-critical region. The corresponding space-
(imaginary) time (τ) action is S = SF +SBF +SB, where
SF =
∫
Ψ†(τ, r)
[
∂τ +H3/2(k→ −i∇)
]
Ψ(τ, r), (4)
and
∫ ≡ ∫ dτddr. The elements of the four-component
spinor Ψ(τ, r) depend on microscopic details. The
fermionic Matsubara frequency Green’s function reads
GkF(iω) =
[
iω +H3/2(k)
] [ω2 + v2avk2 − 2Hk1Hk2 ]
(ω2 + v2+k
2)(ω2 + v2−k2)
,
where v2av = (v
2
+ +v
2
−)/2. The action for the real bosonic
order-parameter fields Φα ≡ Φα(τ, r) has the form
SB =
Nb∑
α=1
∫ {
1
2
[
(∂τΦα)
2 + v2B(∂jΦα)
2 +m2BΦ
2
α
]
+
λ0
4!
(Φ2α)
2
}
≡ S0B + SintB , (5)
where Nb = 1(2) for CI and CIII (CII), m
2
B is the tuning
parameter for the transition, and λ0 is the bare coupling
constant for the Φ4 interaction. The Green’s function for
free bosonic field in the critical hyperplane (m2B = 0) is
GkB,αβ(iω) ≡ GkB(iω)δαβ =
1
ω2 + v2Bk
2
δαβ .
The Yukawa coupling between gapless birefringent exci-
tations and bosonic order-parameter field takes the form
SBF = g0
Nb∑
α=1
∫
Φα Ψ
†(τ, r)MαΨ(τ, r), (6)
4as the latter is a composite object of two fermionic fields.
We compute the RG flow equations by integrating out
the fast modes with Matsubara frequency −∞ < ω <∞
and within the Wilsonian momentum shell Λe−` < |k| <
Λ. Here `(> 0) is the logarithm of the RG scale. The
momentum integrals are performed around d = 3, the
upper critical (spatial) dimension of the theory [2], while
the matrix algebra is carried out in d = 2 [30].
We now present the RG flow analysis for the velocities
for each of the three classes. They are obtained from the
corresponding leading order fermionic and bosonic self-
energy diagrams at external Matsubara frequency (iν)
and momentum (k) [31], respectively given by
ΣkF(iν) = g
2
0
Nb∑
α=1
∫
ω,q
MαG
q
F(iω)MαG
k−q
B (iω − iν), (7)
where
∫
ω,q
≡ ∫ dωddq/(2pi)d+1, and
ΠkB(iν) = −
1
2
g20 Tr
∫
ω,q
MαG
q
F(iω)MαG
k+q
F (iω + iν).(8)
The trace is taken over the Dirac matrices Γµν . We then
use the standard renormalization conditions to first ob-
tain the renormalization factors for the fermionic and
bosonic fields that in turn yield the flow equations for
the fermionic and bosonic velocities, as well as for the
birefringent parameter, analogously as in Ref. [9].
Class CI. The quadrupolar charge-density wave order-
ing has already been addressed in Ref. [9], which we
present here for the sake of completeness. The RG flow
equations for the velocities read as
dv
d`
= −2Nbg2v A, d (vβ)
d`
= −2Nbg2 (vβ) Q+, (9)
dvB
d`
= − g
2Nf vB
2v3(1− β2)
[
(1 + β2)2
(1− β2)2 −
v2
v2B
{
1 +
2
3
β2
}]
,
where Nf is the flavor number for spin-3/2 fermions,
Nb = 1 is the number of bosonic order parameter compo-
nents for an Isinglike orderparameter, g2 = g20k
−/(8pi2)
is the dimensionless Yukawa coupling,  = 3 − d, Qζ =
B + ζM with ζ = +, B1 = (v + vB)
2, B2 = β
2v2, and
A =
2(v − vB)B1 + 4vB2
3vvB(B1 −B2)2 , B =
B1 +B2
vB(B1 −B2)2 ,
M =
2B1 −B2 + v2B − v2
3vB(B1 −B2)2 . (10)
Irrespective of the relative magnitude of bare Fermi and
boson velocities, we always find that they reach a com-
mon terminal velocity and vβ → 0 in the deep infrared
regime (`→∞), as shown in Figs. 3(a) and 3(b).
Class CII. In this case, the Yukawa interaction gener-
ates an anisotropy between the bosonic velocities in two
directions. The RG flow equations (with Nb = 2) are
dv
d`
= −2Nbg2vA, d(vβ)
d`
= −2Nbg2Q0,
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FIG. 3: RG flow of Fermi velocities v and vβ, bosonic ve-
locities vB and v
−
B (relevant for only class CII) for Nf = 1.
Irrespective of their bare or initial values, in the deep infrared
regime ` ≡ ln(Λ0/Λ)→∞, the system possesses a unique ter-
minal velocity near the Mott transition in every class, indi-
cating the restoration of the relativistic or Lorentz symmetry
in the vicinity of the Mott-Yukawa QCPs. Here, Λ0(Λ) is the
bare (running) cutoff.
dvτ
B
d`
= −g
2Nf
2v3
vτ
B
[
C(β)− τ v
2 Y−τ (vτB , v
−τ
B
, β)
(v+
B
+ v−
B
)(1− β2)
]
, (11)
for τ = ±, where vτ
B
= (vx
B
+ τvy
B
)/2, v+
B
≡ vB and
C(β) =
1
(1− β2)3
(
1 +
3
2
β2 − 1
2
β6
)
,
Y±(a, b, β) =
1
|a− b|
(
1 +
2β4
15
)
± β
2
3a
(
1− β
2
5
)
. (12)
Note that dv−
B
/d` is a negative definite quantity for
|β| < 1. Hence, the anisotropy in the boson velocity
is an irrelevant quantity, which otherwise solely arises
for finite β. In the deep infrared regime vβ, v−B → 0, see
Figs.3(c) and 3(d), and we enjoy the liberty of comput-
ing the fermionic self-energy by setting v−B = 0 from the
outset. Also, after a long RG time the average Fermi and
boson velocities approach a common terminal velocity.
Class CIII. The leading order RG flow equations in the
close proximity of the class CIII mass ordering read
dv
d`
= −2Nbvg2 A, d(vβ)
d`
= −2Nb(vβ)g2 Q−,
dv
B
d`
= −g
2Nf vB
2v3
[
1− v
2
v2
B
{
3− 6β2 + β4
3(1− β2)
}]
, (13)
5withNb = 1. Once again we find that in the deep infrared
regime vβ → 0, and boson and Fermi velocity acquire a
common terminal velocity, see Figs. 3(e) and 3(f).
In all three cases we find that when a collection of
strongly interacting spin-3/2 fermions resides at the brink
of spin-singlet Mott insulation, the system possesses a
unique velocity, indicating a generic and robust restora-
tion of the Lorentz symmetry near the Mott-Yukawa
QCPs. Moreover, as vβ → 0 at this QCP, the asso-
ciated quantum critical regime supports two copies of
spin-1/2 critical Dirac fermions, strongly coupled with
fluctuating bosonic orderparameter excitations (without
any long range ordering), constituting a relativistic non-
Fermi liquid, devoid of any sharp quasiparticle excita-
tions. We also note that the requisite RG time (`?)
for the restoration of the Lorentz symmetry decreases as
the number matrices from the birefringent Hamiltonian
Hk2 , anticommuting with the mass matrix increases, and
`CI? < `
CII
? < `
CIII
? . See Fig. 3 and compare with Table I.
On the Lorentz symmetric critical hyperplane, defined
by v = vB = 1, β = 0,m
2
B = 0, the rest of the RG flow
equations simplify to
dg2
d`
= g2
[
− b1g2
]
,
dλ
d`
= λ− 4Nfg2
[
λ− 6g2]− b2λ2
6
,
(14)
where λ = λ0k
−/(8pi2) is the dimensionless bosonic self-
interaction coupling, b1 = 2Nf +4−Nb, and b2 = Nb+8.
The Mott-Yukawa QCP is located at
(g2∗, λ∗) =
(
1,
3
b2
[b3 +
√
b23 + 16Nfb2]
)

b1
, (15)
where b3 = 4 − 2Nf − Nb. The bosonic and fermionic
anomalous dimensions at this QCP are ηΦ = 2Nfg
2
∗
and ηΨ = Nbg
2
∗/2, respectively, and the residue of the
fermionic quasiparticle pole vanishes as ZΨ ∼ (mF )ηΨ/2.
The fermionic mass (mF ) vanishes according to a uni-
versal ratio m2B/m
2
F ∼ λ∗/g∗, as the QCP is approached
from the ordered side. The correlation length exponent
(obtained from the RG flow of m2B , not shown explicitly)
for the QPT is ν = 1/2 +Nfg
2
∗/2 + (Nb + 2)λ∗/24.
We note that during the course of the RG transforma-
tion in the class CI and CIII, new fermion bilinears
(vβ)
2Nb(v + vB )g
2
v
B
[(v + v
B
)2 − v2β2]2
 d∑
j=1
Ψ† (iΓ0jΓj0) Ψ
 1

get generated. But, the RG transformation is performed
in such a way that the generated terms can be eliminated
by the corresponding counterterms and H3/2(k) retains
its original form under the coarse graining. This proce-
dure can also be justified a posteriori by noticing that
the generated terms are proportional to the birefringent
velocity vβ, which ultimately vanishes at all the QCPs,
see Fig. 3. No new term gets generated (at least to the
leading order) in class CII.
Discussion. To summarize, we here show that strongly
interacting birefringent fermions, residing sufficiently
close to itinerant Mott QCPs, possess a superuniversal
description: relativistic non-Fermi liquid, irrespective of
the nature of the mass ordering. We expect these conclu-
sions to hold (at least qualitatively) even when we include
the full gauge interactions, with the only difference that
the common terminal velocity is the velocity of light (c),
as shown for spin-1/2 Dirac systems [31].
With the restoration of spin degrees of freedom, each of
mass can now be realized in spin-singlet (discussed so far)
and spin-triplet channels. In a decorated pi-flux square
lattice, spin-triplet class CI (CIII) order corresponds to
quadrupolar spin-density-wave [9] (quantum-spin Hall in-
sulator), for which the above discussion can be general-
ized by setting Nb = 3. By contrast, class CII order
corresponds to spin-triplet current-density-wave. Criti-
cal behavior near such an ordering can be addressed by
setting Nb = 2 = 4− 2, where 4 (2) is the number of mu-
tually anti-commuting (commuting) mass matrices [32].
Therefore, our conclusions regarding the generic restora-
tion of Lorentz symmetry and emergence of robust supe-
runiversality are equally applicable for spin-triplet Dirac
insulators. These predictions can at least be tested from
quantum Monte Carlo simulations of Hubbard [18, 33–35]
and extended-Hubbard models, for example.
When the finite range interactions acquire sufficiently
strong attractive components, birefringent fermions can
develop strong propensities toward the nucleation of a
plethora of superconducting phases. Mundane spin-
singlet s-wave pairing fully anticommutes with Hk2 , and
belongs to class CI. Remaining three spin-triplet mass
pairing for regular Dirac fermions fragment into two
classes. Namely, two translational symmetry breaking
pairings or pair-density-waves (analogous to two Kekule´
superconductors in honeycomb lattice [36]) belong to
class CII, and the remaining triplet p-wave pairing (anal-
ogous to the f -wave pairing in honeycomb lattice [37]) be-
longs to class CIII. While the restoration of the Lorentz
symmetry and emergence of superuniversality for class
CI s-wave pairing have already been demonstrated in
Ref. [9], based on the discussion presented here we ex-
pect that these outcomes should also hold for class CII
and class CIII pairings, which we demonstrate explicitly
in future.
Acknowledgments. B.R. was supported by the Startup
Grant from Lehigh University.
[1] P.M. Chaikin and T.C. Lubensky, Principles of Con-
densed Matter Physics (Cambridge University Press,
Cambridge, England, 2000).
6[2] J. Zinn-Justin, Quantum Field Theory and Critical Phe-
nomena (Oxford University Press, Oxford, UK, 2002).
[3] S. Sachdev, Quantum Phase Transitions (Cambridge
University Press, Cambridge, England, 2007)
[4] S. Kivelson, D.-H. Lee, and S.-C. Zhang, Phys. Rev. B
46, 2223 (1992).
[5] C. A. Lu¨tken and G. G. Ross, Phys. Rev. B 48, 2500
(1993).
[6] E. Fradkin and S. Kivelson, Nucl. Phys. B474, 543
(1996).
[7] I. A. Gruzberg, N. Read, and S. Vishveshwara, Phys.
Rev. B 71, 245124 (2005).
[8] B. Roy, R-J. Slager, and V. Juricˇic´, Phys. Rev. X 8,
031076 (2018).
[9] B. Roy, M. P. Kennett, K. Yang, and V. Juricˇic´, Phys.
Rev. Lett. 121, 157602 (2018).
[10] S. Ryu, A. P. Schnyder, A. Furusaki, and A. W. W. Lud-
wig, New J. Phys. 12, 065010 (2010).
[11] A. B. Bernevig and T.L. Hughes, Topological Insulators
and Topological Superconductors, (Princeton University
Press, Princeton, New Jersey, 2013).
[12] S.-Q. Shen, Topological Insulators: Dirac Equation in
Condensed Matters (Springer, Heidelberg, 2013).
[13] G.E. Volovik, The Universe in a Helium Droplet (Oxford
University Press, New York, 2003).
[14] B. Roy and V. Juricˇic´, Phys. Rev. Lett. 121, 137601
(2018).
[15] M. P. Kennett, N. Komeilizadeh, K. Kaveh, and P. M.
Smith, Phys. Rev. A 83, 053636 (2011).
[16] B. Roy, P. M. Smith, and M. P. Kennett, Phys. Rev. B
85, 235119 (2012).
[17] N. Komeilizadeh and M. P. Kennett, Phys. Rev. B 90
045131 (2014).
[18] H.-M. Guo, L. Wang, R. T. Scalettar, Phys. Rev. B 97,
235152 (2018).
[19] Y.-X. Wang and F. Li, Phys. Rev. B 99, 245126 (2019).
[20] B. Dora´, J. Kailasvuori, and R. Moessner, Phys. Rev. B
84, 195422 (2011).
[21] H. Watanabe, Y. Hatsugai, and H. Aoki, J. Phys. Conf.
Ser. 334, 012044 (2011).
[22] Z. Lan, N. Goldman, A. Bermudez, W. Lu, and P.
O¨hberg, Phys. Rev. B 84, 165115 (2011).
[23] Z. Lan, A. Celi, W. Lu, P. O¨hberg, and M. Lewenstein,
Phys. Rev. Lett. 107, 253001 (2011).
[24] B. Bradlyn, J. Cano, Z. Wang, M. G. Vergnioty, C. Felser,
R. J. Cava, and B. A. Bernevig, Science 353, aaf5037
(2016).
[25] T. H. Hsieh, J. Liu, and L. Fu, Phys. Rev. B 90, 081112
(2014).
[26] C. Chen, S.-S. Wang, L. Liu, Z.-M. Yu, X.-L. Sheng,
Z. Chen, and S. A. Yang, Phys. Rev. Mater 1, 044201
(2017).
[27] I. Boettcher, arXiv:1907.05354
[28] I. F. Herbut, V. Juricˇic´, and B. Roy, Phys. Rev. B 79,
085116 (2009).
[29] The time-reversal operator that leaves the lattice Hamil-
tonian from Eq. (2) invariant is Tlat = Γ00K, and T 2lat =
+1. Under Tlat, the lattice version of class CII masses are
odd, while in the continuum description they are even,
see Table I. In this class, TRS operator in the continuum
corresponds to the lattice operator Tlat accompanied by a
sublattice exchange that compensates for the sign change
by Tlat in the imaginary hopping, the blue and red arrows
in Fig. 2(c). But, note that the time-reversal symmetry
is not crucial in the classification of masses and plays no
role in the associated quantum critical behavior.
[30] B. Roy, P. Goswami, and V. Juricˇic´, Phys. Rev. B 97,
205117 (2018).
[31] B. Roy, V. Juricˇic´ and I. F. Herbut, JHEP 04, 018 (2016).
[32] B. Roy and V. Juricˇic´, Phys. Rev. B 90, 041413 (2014).
[33] F. P. Toldin, M. Hohenadler, F. F. Assaad, and I. F.
Herbut, Phys. Rev. B 91, 165108 (2015).
[34] Y. Otsuka, S. Yunoki, and S. Sorella, Phys. Rev. X 6,
011029 (2016).
[35] T. C. Lang and A. M. La¨uchli, Phys. Rev. Lett. 123,
137602 (2019).
[36] B. Roy and I. F. Herbut, Phys. Rev. B 82, 035429 (2010).
[37] C. Honerkamp, Phys. Rev. Lett. 100, 146404 (2008).
